Table of Common Distributions

Discrete Distributions

Bernoulli(p)

pmf P(X =z|p) =p*(1-p)'™% z=0,1; 0<p<1
mean and

voriance X =P Var X =p(1-p)

mgf Mx(t) = (1 - p) + pe

Binomial(n, p)

pmf P(X =z|n,p)= ([)p*(1-p)*% 2=0,12,...,n; 0<p<1

mean and

variance EX =np, VarX =np(1-p)

mgf Mx(t) = [pe" + (1 - p)]”

notes Related to Binomial Theorem (Theorem 3.2.2). The multinomial distri-
bution (Definition 4.6.2) is a multivariate version of the binomial distri-
bution.

Discrete uniform

pmf P(X=z|N)=%; z=1,2,...,N; N=1,2,...
meqn and EX = N+l yar x = (VH)(N-1)

variance 2 12

maf Mx(t) = 5 SiL, e

Geometric(p)

pmf P(X=zlp)=p(1-p)* % z=12,...; 0<p<1
mean and 1

_1 _ 1=
variance EX—p’ Var X ?2
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mgf Mx(t) = m‘i‘-ij;;(, . i <:1<:é / P)

N

notes Y=X-1is ﬁégqﬂféﬁihe al(1,p). The distribution is memoryless:
PX>slX>t)= > s —t).

Hypergeometric

M
z

N-—-M
pmf P(X:ﬂN,M,K):%ﬁZ; 2=0,1,2,... K
K
M—(N-K)<z<M; N,MK>0

mean and KM KM (N—MY{N—K
X X =220 VarX = 224
variance N> N N(N-1

notes If K< M and N, the range £ =0, 1,2, ..., K will be appropriate.

Negative binomial(r, p)

pmf PX =z|rp)= ("2 p"1-p% z=0,1,...; 0<p<1

mean and _ r(1-p) _r(1-p

variance BEX=—77 VarX = J?_l

mgf Mx(t) = (T_T’i—pj?) , t<—log(l—p)

notes An alternate form of the pmf is given by P(Y = y|r,p) = (ﬁ:ll)p’(l -

p¥~", y =r,r+1,.... The random variable Y = X + r. The negative
binomial can be derived as a gamma mixture of Poissons. (See Exer-

cise 4.34.)
Poisson())
pmf P(X=z]\) =22 z£=0,1,...; 0SA<o0
mean and

X EX =) VarX =)\
variance

mgf My (t) = eXe'=)
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Continuous Distributions

Beta(a, 3)

pdf f(ale, B) = gregyz=t(1-2)"!, 0<z<1, a>0, >0

mean and

variance EX = Ez—ﬁ,’ Var X = 75y (atAm

k—1 k

mf  Mx(t) =1+ (T5 a%55) &

notes The constant in the beta pdf can be defined in terms of gamma functions,
B(a, 8) = %(%3%52 Equation (3.2.18) gives a general expression for the
moments.

Cauchy(0,0)

_ 1 1 .
pdf f($|0,0)—gl_‘_(?9)7, —00 << 00 —OO<0<OO, >0
mean and .
. do not exist
variance
mgf does not exist
notes Special case of Student’s ¢, when degrees of freedom = 1. Also, if X and

Y are independent n(0,1), X/Y is Cauchy.

Chi squared(p)

pdf f(zlp) = Wz@/?)-le—z/?; 0<z<oo; p=12,...
mean and EX=p, VarX=2p
variance
1 \P/? 1
mgf Mx(t) = (1—_2t) y t<3
notes Special case of the gamma distribution.

Double exponential(u,o)

pdf f(:z:]p,a)=%e‘|’_“‘/", —o<r<oo, -—-oco<pu<oo oc>0
mean and py ) yar X = 202
variance
t
mgf Mx(t) = Tf(%jy:: It| < %

notes Also known as the Laplace distribution.
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Ezponential(f)

pdf f(zlB) = 5e7/F, 0<z<o0, B>0

mean and gy 3 yar X = g2

variance

mgf Mx(t) =125 t<3

notes Special case of the gamma distribution. Has the memoryless property.
Has many special cases: Y = X7 is Weibull, Y = 1/2X/8 is Rayleigh,
Y = a—vlog(X/B) is Gumbel.

F

T ZJ.J;.L'A v1/2 (v1~2)/2
pdf f(zln,ve) = F(S{)_r‘(_:}% (ﬂ‘) (1+(;)z)(n+"2)/2;
v2

0<zr<o00; v,ra=1,...

mean and EX =2 1>2,
variance va
2
2 -2
Varx =2 (;45) Gt v >4
moments ‘ Xn:r‘il;%rﬂlgﬂ (ﬁ)" ne< i
(mgf does not ezist) NEINES wn) 2
2 2
notes Related to chi squared (F, ., = (%) / (%), where the x?s are in-

dependent) and t (Fy, = t2).

Gamma(a, 3)

pdf f(z|o, B) = ﬁ;l)-gama_le_’/ﬁ, 0<z<oo, a,8>0
mean and EX =aB, VarX =aB?
variance
[+ 4
mof  Mx(®)=(2m) . t<}
notes Some special cases are exponential (@ = 1) and chi squared (a = p/2,

B=2).Ifa=23Y =./X/Bis Mazwell. Y = 1/X has the inverted
gamma distribution. Can also be related to the Poisson (Example 3.2.1).

Logistic(p, B)

—(=—n)/B
pdf f(zlﬂ,ﬁ)=%[1—+%:(r_“;‘vﬁ]—:, —co<r<o0, -oo<pu<oo, fB>0
mean and 22

variance EX =p, VarX =75
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mgf Mx(t) = e#'T(1 — BT (1+Bt), [t <3
notes The cdf is given by F(z|u,8) = ﬁe—_TiTuW
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Lognormal(u, 0?)

e—(logz—w)?/(25%)

pdf f(zlp,0?) = = z , 0<z<o00, —00< p< o0,
g>0

mea.n and EX — e“+("2/2), Var X — e2(ut0?) _ p2uto?

variance

moments EX" — eny-ﬁ-nzo” /2

(mgf does not ezist)

notes Example 2.3.5 gives another distribution with the same moments.

Normal(u, 0?)

pdf f(z|u,0?) = 721776_(1—“)2/(202), —00 <z <00, —00< <00,
>0

mean and EX =pu, VarX =¢?

variance

mgf Mx(t) = eptto?t?/2

notes Sometimes called the Gaussian distribution.

Pareto(a, 3)

pdf f(zle,B) = 885, a<z<o0, a>0, B>0

mean and _ Ba B o
variance EX=775 B>1 Va.rX—-(?_—g,ZB—_T), B>2

mgf does not exist

t
r v;:l) 1 1
d zlv) = —— - , —o<zr<oo, v=1,...
pdf f(z|v) r(§) Vo= (1+(é))( ¥z
meqnand X=0, v>1, VarX=;%5, v>2
variance
moments n_ PCEICEFE) 2
(maf does not exist) EX™ = NAE V™% if n < v and even,

EX™ =0if n < v and odd.
notes Related to F (Fy, = t2).
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Uniform(a,b)

pdf f(zla,b)=41;, a<z<b
meqnand EX=”%, VarX=£b—I2ﬁL2
variance
bt at
maf Mx(t) = =5y
notes If a = 0 and b =1, this is a special case of the beta (o = 8 = 1).

Weibull(~, 3)
pdf fzly,B) =327 e ="/B, 0<zr<oo, ¥>0, >0

mean and _ a1/ ( 1 _ 32/v [ 2\ _r2 1 ]
variance EX = 6T 1+7)’ Var X =5 r(1+7) r (1+7)
moments EX" = gn/T (1 + s)

notes The mgf exists only for v > 1. Its form is not very useful. A special case
is exponential (y = 1).
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Geometric Discrete
@ n=l uniform
min X, £x, Negative a=8 :\ Beta-binomial
binomial (n, a,8)
(n. p) o Hypergeometric
A=n(l-p) P= a+B (M,N,K)
n—oo a+f—~o —
A= np "”’
Poisson n—oo Binomial " P =M/N,n=K
(M) (n, p) N-o
<, A= 03 :xi .
EX, N ")‘ n=np \ Bernoulli
mnx, -® no‘:np(l—p) n=1 ®
7N\ ¥ Normal )
, 0 a=f—oo
Lognormal @) \‘~‘\ﬂ
log X X-u \\ - Beta
a, LX, \w=n (@.B)
Normal p+oX \:’ :.’:\o
(ov 1 ) ‘xl a= B =1
xl
X, / X}
X / .
i Uniform
a //
! Cauchy / X/
X X,/
X /I 2/ Yy /,; ¥ - lOs X
y— m/ A . Exponential
/[ F ®
/ (s ¥y min X,
v=1 lll Xt x| X%
/I x’ v=1
/! Weibull Double
t (CRY exponential
)

Relationships among common distributions. Solid lines represent transformations and
special cases, dashed lines represent limits. Adapted from Leemis (1986).



